
K Van Steen                                   1 

 

 

 

Probability and Statistics 

Kristel Van Steen, PhD
2
 

 

Montefiore Institute - Systems and Modeling 

GIGA - Bioinformatics  

ULg 

 

 

kristel.vansteen@ulg.ac.be  



Probability and Statistics                                                                                                                                                             Chapter 2: Random Variables 

 

K Van Steen                                   2 

 

CHAPTER 2: RANDOM VARIABLES 

1 Introduction 

2 Random variables 

2.1 Introduction 

2.2 Types of data 

2.3 Looking at data 

2.4 Formal definition of a random variable 

 

3 Cumulative distribution functions 

 



Probability and Statistics                                                                                                                                                             Chapter 2: Random Variables 

 

K Van Steen                                   3 

 

4 Density functions 

4.1 Discrete random variables 

4.2 Continuous random variables 

 

5 A gentle introduction to moments 

5.1 Mean of a random variable 

5.2 Variance of a random variable 

5.3 Rules for means and variances 

5.4 Moments and moment generating functions 

  



Probability and Statistics                                                                                                                                                             Chapter 2: Random Variables 

 

K Van Steen                                   4 

 

5.5 Useful results 

5.5.1 Law of large numbers 

5.5.2 Expected value of a function of a random variable 

5.5.3 Chebyshev inequality 

5.5.4 Jensen inequality 

  



Probability and Statistics                                                                                                                                                             Chapter 2: Random Variables 

 

K Van Steen                                   5 

 

1 Introduction 

Assessing probabilities of events 

• As in Chapter 1, we would like to model our random experiment so as to be 

able to give values to the probabilities of events 

• Recall that a probability space was defined by a triplet consisting of a 

o sample space Ω 

o collection of subsets A (of events) 

o set function P[.] having domain and A counterdomain the interval [0,1] 

• We need the notion of a random variable to describe events  

• A cumulative distribution function will be used to give the probabilities of  

certain events defined in terms of random variables 
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2 Random variables 

2.1 Introduction 

• The outcome of an experiment need not be a number, for example, the 

outcome when a coin is tossed can be 'heads' or 'tails'. However, we often 

want to represent outcomes as numbers.  

• A random variable is a function that associates a unique numerical value 

with every outcome of an experiment. The value of the random variable 

will vary from trial to trial as the experiment is repeated. 

• Basically, there are two types of random variable - discrete and continuous.  
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2.2 Types of data 

 

 

Height, weight, … 
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Scales of measurement 
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Coding … of categorical variables 

 

 

 

3 "dummy variables are 

sufficient 
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2.3 Looking at data 

How do we know whether a variable is quantitative or qualitative? 
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Ways to chart categorical data 
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Bar graphs 
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Pie charts 
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Ways to chart quantitative data 
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Histograms 
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Stem plots 
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Stem plot or histogram? 
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Interpreting histograms 

 



Probability and Statistics                                                                                                                                                             Chapter 2: Random Variables 

 

K Van Steen                                   27 

 

Most common distribution shapes 
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Outliers 
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How to create a histogram? 
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Cautionary note : scale matters when visualizing data 
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2.4 Formal definition of a random variable
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3 Cumulative distribution functions

• In both examples above, we described random variables in terms of a 

random experiment rather than in specifying their functional form; such 

will usually be the case 

• Note that a cumulative distribution function is uniquely defined for each 

random variable and that, when it is known, it can be used to find 

probabilities of events defined in 

variable. 
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In both examples above, we described random variables in terms of a 

ther than in specifying their functional form; such 

 
Note that a cumulative distribution function is uniquely defined for each 

random variable and that, when it is known, it can be used to find 

terms of its corresponding random 
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Simplified definition for cumulative distribution function 

• The aforementioned properties of a cumulative distribution function are 

important in that they lead to a simplified definition of a cumulati

distribution function, avoiding the mentioning of random variables
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The aforementioned properties of a cumulative distribution function are 

important in that they lead to a simplified definition of a cumulative 

distribution function, avoiding the mentioning of random variables 
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4 Density functions 

4.1 Discrete random variables

Definitions 
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random variables 
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Synonyms for discrete density function
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Relation between density and cumulative distribution functions
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Relation between density and cumulative distribution functions
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Relation between density and cumulative distribution functions 
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Simplified definition for discrete density function

• This definition allows us to speak about discrete density functions without 

reference to some random variable. 

• We can therefore talk about properties of discrete density functions 

without referring to a random variable
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This definition allows us to speak about discrete density functions without 

We can therefore talk about properties of discrete density functions 
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4.2 Continuous 

Definitions 
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Synonyms for probability density function 

 

• Other names instead of probability density function include density 

function, continuous density function, integrating density function, … 

• Strictly speaking, we should speak of A probability density function instead 

of THE probability density function 

• Indeed, all the definition requires is that the integral of f gives F for every x, 

and more than one function f may satisfy such a requirement 
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Relation between density and cumulative distribution functions
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Simplified definition for continuous

 

• With this definition , we can  speak of probability density functions without 

reference to random variables
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continuous density function 

With this definition , we can  speak of probability density functions without 

reference to random variables 
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With this definition , we can  speak of probability density functions without 



Probability and Statistics                                                                                                                                                             Chapter 2: Random Variables 

 

K Van Steen                                   51 

 

Density curves 
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Example: normal distribution 
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General remark 
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5 A gentle introduction to “moments” 

5.1 Mean of a random variable 
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Explanation 
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Remarks 

• When the indicated series do not converge, or the integrals do not exist, then the 

mean does not exist either

• The mean of a random variable is a 

 

• It can be shown that (i) and (ii) follow from (iii) in the discrete case and 

continuous case resp. The main use of (iii) is in those settings where we

like to find the mean of a random variable that is neither discrete nor 

continuous. 
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When the indicated series do not converge, or the integrals do not exist, then the 

mean does not exist either 

The mean of a random variable is a measure of central location 

It can be shown that (i) and (ii) follow from (iii) in the discrete case and 

continuous case resp. The main use of (iii) is in those settings where we

to find the mean of a random variable that is neither discrete nor 

later 
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When the indicated series do not converge, or the integrals do not exist, then the 

 of the density of X 

 

It can be shown that (i) and (ii) follow from (iii) in the discrete case and 

continuous case resp. The main use of (iii) is in those settings where we would 

to find the mean of a random variable that is neither discrete nor 
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Examples 
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5.2 Variance of a random variable
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Explanation 
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Remarks 

• When the indicated series do not converge, or the integrals do not exist, then the 

mean does not exist either 

• The variance of a random variable is a measure of spread or dispersion of the 

density of X 

 

Whereas the mean can be interpreted as the center of gravity of a density, the 

variance can be seen as the moment of inertia of the same density with respect to 

a perpendicular axis through the center of gravity (elementary physics, mechanics) 

 

• It can be shown that (i) and (ii) follow from (iii) in the discrete case and continuous 

case resp. The main use of (iii) is in those settings where we would like to find the 

variance of a random variable that is neither discrete nor continuous. 
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Standard deviation 

• The standard deviation of a random variable, like the variance, is a 

of the spread or dispersion

• In many applications it is preferable to the variance as such a measure since 

it will have the same measurement units as the random variable itself.

Probability and Statistics                                                                                                                                                             

     

The standard deviation of a random variable, like the variance, is a 

of the spread or dispersion of the values of a random variable. 

ny applications it is preferable to the variance as such a measure since 

it will have the same measurement units as the random variable itself.

                                                          Chapter 2: Random Variables 

                              65 

 

The standard deviation of a random variable, like the variance, is a measure 

of the values of a random variable.  

ny applications it is preferable to the variance as such a measure since 

it will have the same measurement units as the random variable itself. 
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Examples 
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5.3 Rules for means and variances 
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Expected value of a function of a random variable

Probability and Statistics                                                                                                                                                             

     

Expected value of a function of a random variable 
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General rules for means 

 

(similarly for variances) 
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Example 
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Remark 1: means and variance are expectations
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eans and variance are expectations 
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Remark 2: There are two ways of computing variances
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5.4 Moments and moment 

First and second moments
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5.4 Moments and moment generating functions 

oments 
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Third central moment 

• The third moment about the mean is sometimes called a measure of 

asymmetry, or skewness 

• The skewness for a normal distribution is zero, and any symmetric data 

should have a skewness near zero.  

• Negative values for the skewness indicate data that are skewed left and 

positive values for the skewness indicate data that are skewed right.  

• By skewed left, we mean that the left tail is long relative to the right tail. 

Similarly, skewed right means that the right tail is long relative to the left 

tail.  

• Some measurements have a lower bound and are skewed right. For 

example, in reliability studies, failure times cannot be negative.  
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• Knowledge of the third moment almost gives no clue as to the shape of the 

distribution … (e.g., f3(x)

zero ) 

• The ratio  

                       

is called the coefficient of skewness
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Knowledge of the third moment almost gives no clue as to the shape of the 

(x) is far from symmetrical but its third moment is 

coefficient of skewness and is unitless. 
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Knowledge of the third moment almost gives no clue as to the shape of the 

from symmetrical but its third moment is 
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Fourth central moment 

• The fourth moment about the mean is sometimes called a measure of 

excess, or kurtosis 

• It refers to the degree of flatness of a density near its center 

• Positive values of  

                               

(the coefficient of excess or kurtosis) are sometimes used to indicate that a 

density is more flat around its center than the density of a normal curve. 

This measure however suffers from the same failing as does the measure of 

skewness. It does not always measure what it is supposed to. 
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The importance of moments … or not? 

• In applied statistics, the first two moments are of great importance. It is 

usually necessary to know at least the location of the distribution and to 

have some idea about its dispersion or spread 

• These characteristics can be estimated by examining a sample drawn from a 

set of objects known to have the distribution in question (see future 

chapters) 

• In some cases, if all the moments are known, then the density can be 

determined.  

• Hence, it would be useful if a function could be found that would give a 

representation of all the moments. Such a function is called a moment 

generating function.  
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Moment generating functions
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Moment generating functions 
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Origin of the name “moment generating function”
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Origin of the name “moment generating function” 
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Example 
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Importance of moment generating functions

• In principle it is possible that there exists a sequence of moments for which 

there is a large collection of different distributions functions having these 

same moments � so a sequence of moments does not determine uniquely 

the corresponding distribution function

• However, the above theorem indicates that if a moment generating 

function of a random variabl

corresponding distribution function
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so a sequence of moments does not determine uniquely 

the corresponding distribution function 
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Further characterizing densities: a

    Note: equality is attained in the continuous case
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Further characterizing densities: about quantiles and media

equality is attained in the continuous case 
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and medians 
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Further characterizing densities:  about modes and means 

• So far we have seen two measures of location of the density of a random 

variable X: 

o The first moment of X 

o The median of X 

• A third measure of central location is the mode of X, which is defined as 

that point (if that point exists) at which the density function f attains its 

maximum.  

 

(http://bcs.whfreeman.com/ips6e) 
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• Location of mean, median and mode with different distributions: A = 

normal distribution; B (next slide) = Right (positive) skewed distribution; C 

(next slide) = Left (negative) skewed distribution.   
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5.5 Useful results 

Law of large numbers 
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(http://bcs.whfreeman.com/ips6e) 
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Chebyshev inequality 
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• Chebyshev inequality is used in various ways

numbers or to establish 
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is used in various ways, to prove the law of large 
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prove the law of large 
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Jensen inequality 
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• Note that in general, 

• Jensen inequality can be used to 

• The latter provides a method for improving the performance of an unbiased 

estimator of a parameter (

“sufficient” statistic for this estimator is available.

• With g(x)=x
2
 (hence g is a convex function), Jensen inequality says

 

and therefore that the variance of X is always non
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can be used to prove the Rao-Blackwell theorem

provides a method for improving the performance of an unbiased 

estimator of a parameter (i.e. reduce its variance) provided that a 

statistic for this estimator is available. 

(hence g is a convex function), Jensen inequality says

 

 

nd therefore that the variance of X is always non-negative
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Blackwell theorem 

provides a method for improving the performance of an unbiased 

reduce its variance) provided that a 

(hence g is a convex function), Jensen inequality says 

negative  
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Background reading: 

• P Driscoll, F Lecky,M (2000) CrosbyAn intro to everyday statistics – 1. J Accid Emerg Med 

17:205–211 

• P Driscoll, F Lecky,M (2000) CrosbyAn intro to everyday statistics – 2. J Accid Emerg Med 

17:274–281 


